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Sergiı̆ Kolyada (b December 7th, 1957, d May 16th, 2018) was a distinguished
Ukrainian mathematician. He worked in low-dimensional dynamical systems and
in topological dynamics. He studied dynamical systems (X,f ) given by a (usually
compact metric) space X and a continuous map f : X→ X.

If we want to describe his work in keywords, then the following ones are probab-
ly the most appropriate: zero Schwarzian, triangular map, ω-limit set, topological
entropy, minimal map, minimal set, chaos, sensitivity, functional envelope of a
dynamical system, dynamical compactness.

He introduced, together with his coauthors, several new notions: functional en-
velope of a dynamical system, Li-Yorke sensitivity, dynamical topology, dynamical
compactness.

Sergiı̆ Kolyada started with interval dynamics. He studied dynamics of one-
parameter families of continuous maps (among others, the problem of monotonici-
ty of topological entropy) and dynamics of continuous piecewise zero-Schwarzian
maps. For instance he proved that unimodal maps of this class have, under some
assumptions, at most one attracting periodic orbit (due to Singer, such a prop-
erty had been known for three times differentiable unimodal maps with negative
Schwarzian).

After this interval period, he concentrated mostly on topological dynamics and
low dimensional dynamics. We will not speak on all his results. However, we are
going to describe those of them which he liked most or which are, in our opinion,
most important.

1. Low dimensional dynamical systems

1.1. Triangular maps. A triangular map is a continuous map F : I2 → I2, where
I = [0,1], of the form

F(x,y) = (f (x), g(x,y)).

Such a map preserves ‘vertical’ fibres, the fibre over x is mapped to a fibre over
f (x). So, it is a special skew product. Triangular maps became popular in 1979,
when Kloeden [8] proved that Sharkovsky theorem worked for them. Then it was
natural to believe that in fact most of the results from interval dynamics can be
carried over to them (to check this, is sometimes called Sharkovsky’s program).
Kolyada was the first who showed that this belief was false. In [9] he developed the
basics of the theory of triangular maps. In particular, he constructed a triangular
map of type 2∞ with positive topological entropy (recall that interval maps of type
2∞ have zero entropy; a map is of type 2∞ if it has periodic orbits of periods all
powers of two, and of no other periods).
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1.2. ω-limit sets. Given a point x in a dynamical system (X,f ), its ω-limit set
ωf (x) is the set of all limit points of the trajectory x,f (x), f 2(x), . . . . Topological
structure of ω-limit sets depends on the phase space X. As established in [1], a
nonempty closed subset M of I = [0,1] is an ω-limit set for some continuous map
f : I → I if and only if M is nowhere dense or a union of finitely many nondegene-
rate closed intervals. If M is a subset of a vertical fibre in the square I2, it can be
an ω-limit set of a triangular map F of the square even if the topological structure
of M is more complicated. The reason is that now the point x with ωF(x) = M can
be chosen outside that fibre. A full topological characterization of ω-limit sets of
triangular maps which lie in just one vertical fibre, was found, in co-authorship,
by Kolyada in [10]. The result has an interesting consequence we are going to
describe.

Due to Dowker and Friedlander [5] for homeomorphisms and Sharkovsky [18]
for continuous maps, it is known that for dynamical systems on compact metric
spaces the following are equivalent:

(1) (X,f ) can be embedded as an ω-limit set in some larger system (Y ,g),
(2) (X,f ) is f -connected (meaning that there is no nonempty, proper, closed set

A ⊆ X such that f (A) ⊆ IntA).
Now, the above mentioned result from [10] implies the following:

A nonempty closed subset X of the unit interval is an ω-limit set (i.e., there
is a dynamical system (Y ,g) containing X as an ω-limit set, or equivalently, X
admits a continuous selfmap f such that (X,f ) is f -connected) if and only if X
is not a disjoint union of a finite number of nondegenerate closed intervals and
a nonempty countable set whose distance from at least one of those intervals is
positive.

2. Minimality

2.1. Minimal dynamical systems. In topological dynamics, the most fundamen-
tal dynamical systems are the minimal ones. These are systems which have no
nontrivial subsystems. More precisely, a dynamical system (X,f ) is called minimal
if X does not contain any non-empty, proper, closed f -invariant set (a set M ⊆ X
is f -invariant if f (M) ⊆ M). In such a case we also say that the map f itself is
minimal. An equivalent definition is: (X,f ) is minimal if for every x ∈ X, the orbit
{x,f (x), f 2(x), . . . } is dense in X.

Minimality was one of favorite topics of Sergiı̆ and he contributed to this area
significantly. With coauthors he showed that if (X,f ) is minimal with X a compact
metric space, then in many aspects the continuous map f behaves like a homeo-
morhism [15]:

• there is no nonempty redundant open set for f (G ⊆ X is said to be redun-
dant for f if f (X \G) = f (X));
• f is feebly open (i.e. it sends nonempty open sets to sets with non-empty

interior);
• f preserves the topological size of a set in both directions. More precisely,

the implication

A ⊆ X has property P ⇒ both f (A) and f −1(A) have property P
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works for P = to be nowhere dense, to be dense, to be of 1st category, to be
of 2nd category, to be residual, to have Baire property, to have nonempty
interior;
• f is almost 1-to-1, meaning that the set {x ∈ X : cardf −1(x) = 1} is Gδ-dense

in X.
Further, in [15] also the existence of minimal noninvertible maps on the torus has
been established. This was the first example of a minimal noninvertible map on a
manifold.

2.2. Minimal sets. Given a dynamical system (X,f ), a set M ⊆ X is called a mi-
nimal set if it is non-empty, closed and f -invariant and no proper subset of M has
these three properties. So, a nonempty closed set M ⊆ X is a minimal set if and
only if (M,f |M) is a minimal system. A system (X,f ) is minimal if and only if X
is the (unique) minimal set in (X,f ). The basic fact discovered by G. D. Birkhoff is
that in any compact system (X,f ) there are minimal sets.

Minimal sets are fundamental objects of study in topological dynamics. A big
open problem is: How do minimal sets look like? Two major contributions of
Kolyada and his coauthors to this problem are the following results.

The first of them is that for minimal sets on 2-manifolds the dichotomy “nowhere
dense or everything” holds. More precisely, in [16] it is proved that on compact
connected 2-manifolds with or without boundary, a minimal set either is the whole
manifold or is nowhere dense.

The second contribution is a very detailed description of minimal sets of contin-
uous fibre-preserving maps in graph bundles. The complete results are too long
to describe here, but one particular corollary says that the fibre-preserving maps
in tree bundles have only nowhere dense minimal sets. In particular, if F is a con-
tinuous triangular map in the square I2 and M is a minimal set of F, then M is
nowhere dense in the space pr1(M) × I (pr1 denotes the projection onto the first
factor; the nowhere density in the square I2 is trivial, but here pr1(M)× I is a very
small subspace of the square, since pr1(M) is a Cantor set or a finite set). Moreover,
either a typical fibre of M is a Cantor set, or there is a positive integer N such that
a typical fibre of M has cardinality N .

3. Chaos

Recall that if (X;d) is a metric space and f : X → X a continuous map, then the
dynamical system (X,f ) is called Li-Yorke chaotic if there exists an uncountable set
S ⊆ X such that for all x,y ∈ S, x , y, the pair (x,y) is proximal but not asymptotic,
i.e.

liminf
n→∞

d(f n(x), f n(y)) = 0 and limsup
n→∞

d(f n(x), f n(y)) > 0

(such a set S is called a scrambled set). There was a long standing open problem
whether positive topological entropy implies Li-Yorke chaos. The following theo-
rem proved by Kolyada and his coauthors in [3] is of fundamental importance in
chaos theory:

If (X;d) is a compact metric space and a continuous map f : X→ X has positive
topological entropy, then it is Li-Yorke chaotic.
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Another important contribution is [2] where Kolyada and Akin introduced the
following new notion of chaoticity, which combines the classical notion of sensi-
tivity with a Li-Yorke version of chaos.

Let (X;d) be a compact metric space and f : X → X be a continuous map. Then
the system (X,f ) is said to be Li-Yorke sensitive if there exists ε > 0 such that every
x ∈ X is a limit of points y ∈ X such that the pair (x,y) is proximal but not ε-
asymptotic, i.e.

liminf
n→∞

d(f n(x), f n(y)) = 0 and limsup
n→∞

d(f n(x), f n(y)) ≥ ε.

In [2] the authors analyzed properties of such systems and compared them with
other ones. The notion turned out to be quite popular, some open problems for-
mulated in that paper have already been solved.

4. Topological entropy

Kolyada is a coauthor of the extension of the notion of topological entropy to
nonautonomous systems given by a compact metric space and a sequence of con-
tinuous selfmaps of it:

X
f1−−→ X

f2−−→ X
f3−−→ ... .

This was motivated by the wish to understand better the entropy of triangular
maps, and in particular the Bowen’s formula giving the estimates for it. Basic
properties of the entropy of nonautonomous systems have been proved and basic
counterexamples have been found in [11]. As an easy corollary of some results
on the entropy of nonautonomous systems, the commutativity of the entropy of
autonomous systems was obtained:

h(f ◦ g) = h(g ◦ f ).

Later it turned out that this formula was not knew, see [4]. However, it was un-
known among dynamists and probably it would still be forgotten, if [11] did not
appear.

In [12], entropy for nonautonomous systems given by a sequence of piecewise
monotone interval maps

I1
f1−−→ I2

f2−−→ I3
f3−−→ ...

is studied (notice that the intervals need not be the same) and it is proved that
under some additional assumptions, Misiurewicz-Szlenk formula holds (in the au-
tonomous case it enables to compute the entropy by counting the number of laps
of the iterates of the map, now one has to count the number of laps of the compo-
sitions fn ◦ · · · ◦ f2 ◦ f1; the formula now works only under additional assumptions).
This enabled to simplify dramatically the proof that Kolyada’s old example of a
triangular map of type 2∞ with positive entropy really has positive entropy.

5. Dynamical topology

Let us recall that in Topological Dynamics one investigates dynamical properties
that can be described in topological terms. Say, topological transitivity is a dyna-
mical property of a map and is defined in terms of behaviour of open sets under
the iterates of the map.
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In contrast with this, in [13] and [14] Kolyada and his coauthors introduced the
notion of Dynamical Topology. It is the area where one investigates topological
properties of spaces of maps that can be described in dynamical terms. For in-
stance, transitivity of maps is a dynamical property. So, one can ask what are the
topological properties of the space of all transitive maps on a given space.

One of the results from [13] says that the space of all transitive maps on the
interval [0,1] is contractible.

6. Dynamical compactness

A family F of subsets of Z+ = {0,1,2, . . . } is called a Furstenberg family if it is
hereditary upward (i.e., F1 ⊆ F2, F1 ∈ F imply that F2 ∈ F ). If F is a Furstenberg
family, its dual family kF is defined as the family of all subsets of Z+ which are
large enough so that they intersect every set from F .

If (X,T ) is a dynamical system, x ∈ X, G ⊆ X and F ⊆ Z+, put T Fx = {T ix : i ∈ F}
and nT (x,G) = {n ∈Z+ : T nx ∈ G}

Now let X be a compact metric space. Recall that if (X,T ) is a dynamical system
and x ∈ X, then the classical ω-limit set of x is

ω(x) =
⋂
n∈N
{T k(x) : k ≥ n}

={z ∈ X : for every neighbourhood G of z, nT (x,G) is infinite}.
By changing the set of times appearing in this definition, one can define theω-limit
set of x with respect to a Furstenberg family F :

ωF (x) =
⋂
F∈F

T Fx.

It is easy to show that

ωF (x) = {z ∈ X : for every neighbourhood G of z, nT (x,G) ∈ kF }.
So,

ω(x) = ωFcof
(x)

where Fcof is the Furstenberg family of all cofinite sets.
By our assumption that the metric space X is compact, we have that ω(x) , ∅

for every x ∈ X. Kolyada and his coauthors, see [6], call a dynamical system (X,T )
dynamically compact with respect to F , if ωF (x) , ∅ for every x ∈ X. This notion is
studied for instance in [6] and [7]. In their considerations, the Furstenberg family
F is a family with some dynamical meaning. Therefore they use terms such as
transitive compactness or sensitive compactness.
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